Steady-state manifolds of open quantum systems, such as decoherence-free subspaces and noiseless subsystems, are of great practical importance to the end of quantum information processing. Yet, it is a difficult problem to find steady-state manifolds of open quantum systems, especially of non-Markovian systems. In this paper, we propose an approach to find the steady-state manifolds, which is generally applicable to both Markovian and non-Markovian systems. Our approach is based on an arbitrarily given steady state, and by following the standard steps of the approach, the steady-state manifold on the support subspace of the given state can be obtained. Our work reduces the problem of finding a manifold of steady states to that of finding only one steady state, which is indeed an interesting progress towards completely solving the difficult problem. Besides, in deriving our approach, we introduce the notions of the modified noise algebra and its commutant, and prove two theorems on the structure of steady-state manifolds of general open systems, which themselves are interesting findings too.
I. INTRODUCTION
Any real quantum system inevitably interacts with its environment, and such an interaction generally spoils coherence of quantum states and further weakens the abilities of quantum states to perform quantum information processing tasks. A challenge in quantum information processing is to overcome decoherence of quantum states caused by undesired interactions. Interestingly, despite such destructive interactions, there are steady states in many open systems, which remain stable during the evolutions of the systems and are completely immune to decoherence. Due to their coherence stabilization virtues, steady states of open systems have been exploited for various aims of quantum information processing, such as quantum error correction [1] [2] [3] [4] [5] [6] [7] , quantum state preparation [8] [9] [10] [11] [12] [13] , quantum computation [14] [15] [16] [17] [18] [19] [20] [21] , quantum simulation [22, 23] , entanglement distillation [24] , and cooling [25] .
The practical importance of steady states for realizing quantum information processing leads to a surge of interest in finding steady states of open systems. Recently, authors have put forward several methods for finding steady states of open systems, such as the mean-field method [26] [27] [28] , the variational method based on the minimization of trace norm [29] , and the variational method based on the matrix product operator ansatz [30] . These methods have been successfully applied to many well-known physical models, e.g., the Dicke model, the dissipative Ising model, the dissipative Bose-Hubbard model, and the strongly interacting Rydberg gases.
However, the problem is that all these previous methods are only applicable to Markovian systems but not applicable to non-Markovian systems, and there has not been a general approach to find the steady states of non-Markovian systems. Besides, the previous methods mainly focus on finding individual steady states, but cannot give the structure of steady- * tdm@sdu.edu.cn state manifolds (SSMs). Yet, for open systems with many or infinitely many steady states, the knowledge about the structure of SSMs, such as decoherence-free subspaces [1, 2] and noiseless subsystems [5, 6] , plays a key role in performing many quantum information processing tasks [21, 31, 32] . Therefore, it is an important issue to find SSMs of general open systems and determine the structure of them.
In the present paper, we address this issue. We first introduce the modified noise algebra and its commutant, with which we can obtain two theorems on the structure of SSMs, and based on the theorems, we further propose an approach to find the SSMs. Our approach, based on a given steady state, is applicable to both Markovian and non-Markovian systems. By following our approach, the SSM on the support subspace of the given steady state can be found. This paper is organized as follows. In Sec. II, we introduce the modified noise algebra and its commutant, and present a theorem on the relation between them and the SSM. In Sec. III, we give a theorem on the structure of the SSMs with the help of the modified noise algebra. In Sec. IV, based on the the structure theorem, we put forward an approach for finding SSMs. Section V provides three examples to illustrate the usefulness of our approach, and Sect. VI presents the summary and remarks.
all the time t, and a strict SSM is a set of steady states. A generalized definition of an SSM comprises operators that satisfy E t (X) = X for all the time t. Here, in our paper, we adopt the generalized definition of SSMs, {X ∈ L(H)|E t (X) = X, ∀t}, in which the elements X are not necessarily density operators. Such a generalized definition is convenient for serving our purpose.
We introduce the notions of noise algebra and its commutant. The noise algebra, denoted as A, is the algebra generated by all Kraus operators and their conjugate transposes, of which the elements are linear combinations of products of the operators in {E k (t), E † k (t), ∀k, t}. The commutant of a noise algebra, denoted as A ′ , is the set of the elements that commute with each element of the noise algebra. It is worth noting that the noise algebra as well as its commutant is only dependent on the CPTP map E t but independent of the choices of Kraus operators of the map.
Our approach is based on a given steady state, i.e., it is supposed that one steady state, denoted as ρ 0 , has been known. The support of ρ 0 is denoted as P ρ 0 , which is the smallest orthogonal projection operator that satisfies Tr(ρ 0 P ρ 0 ) = 1. P ρ 0 H represents the subspace defined by the operator P ρ 0 , and there is H = P ρ 0 H ⊕ (I − P ρ 0 )H. Our task is to find all the steady states (i.e., the SSM) supported on
With the above notations and terminologies, we start our discussion on the approach of finding SSMs.
To prepare for general open systems, we first consider an important family of open systems that are with unital CPTP maps, E t (I) = I. In this case, ρ 0 = cI, where c is the normalization constant, is always a steady state. For these open systems, we have the following lemma.
Lemma 1 The steady-state manifold of the open system under a unital CPTP map is equal to the commutant of the noise algebra.
Lemma 1 is easy to be proved. Since E t is unital, i.e., We now consider open systems under general CPTP maps E t . Our discussion is based on the assumption that a steady state ρ 0 has been known and we aim to find the SSM supported on the subspace P ρ 0 H. Since P ρ 0 H is invariant under the action of E t [34] , it is enough to consider the subspace P ρ 0 H. From now on, we will assume that the operators appearing in the following are redefined to act on P ρ 0 H instead of H. We define a modified noise algebra and its commutant, denoted as A ρ 0 and A ′ ρ 0 , respectively. A ρ 0 is generated by the modified Kraus operatorsẼ k (t) := ρ Theorem 1 can be proved with the aid of Lemma 1. To this end, we define an ancillary completely positive map, denoted asẼ t , by the Kraus operatorsẼ k (t), namely,Ẽ t (X) = kẼk (t)XẼ † k (t). The dual map ofẼ t is denoted asẼ * t , which is defined by the relation
is the Hilbert-Schmidt inner product [35] . It is easy to verify that the ancillary mapẼ t has the following properties: (P1)Ẽ t is unital, i.e., E t (P ρ 0 ) = P ρ 0 ; (P2) ρ 0 is a steady state ofẼ * t , i.e.,Ẽ * t (ρ 0 ) = ρ 0 ; (P3)Ẽ t (ρ) =ρ if and only if E t (ρ) = ρ, where ρ = ρ 1 2 0ρ ρ 1 2 0 . Property (P3) implies that the steady states supported on the subspace P ρ 0 H under E t and those underẼ t are corresponding to each other, namely,
With the aid of the ancillary mapẼ t and Lemma 1, it is easy to prove Theorem 1. In fact, by following the same arguments as those in the proof of Lemma 1 and using the properties (P1) and (P2), we can prove that the set {X ∈ L(P ρ 0 H)|Ẽ t (X) = X, ∀t} is equal to the commutant of the modified noise algebra A Based on a given steady state ρ 0 , we have established the relation between the SSM supported on P ρ 0 H and the modified noise algebra. Theorem 1 indicates that a nontrivial SSM exists if and only if the commutant of the modified noise algebra is nontrivial. It presents a unified picture of the relation between SSMs and noise algebras, which is applicable to unital CPTP maps as well as non-unital CPTP maps, and Markovian systems as well as non-Markovian systems. Particularly, for unital CPTP maps, ρ 0 can be taken as cI, and there areẼ k (t) = E k (t),Ẽ t = E t , and A ρ 0 = A. Consequently, Theorem 1 reduces to Lemma 1. In the case of a Markovian system, the dynamics is described by the Lindblad equation,
, with the time-independent Hamiltonian H and time-independent Lindblad operators A k [36] . The Lindblad equation is equivalent to the Kraus representation with the Kraus operators E 0 (dt) :
, from which the equivalence between the Lindblad equation and this Kraus representation can be proved. Using the equivalent Kraus representation, we can obtain, from Theorem 1, that the SSM supported on the sub-
0 , wherẽ
k , ∀k} represents the algebra generated byH,Ã k , and their conjugate transposes.
III. STRUCTURE OF STEADY-STATE MANIFOLDS
We now work out the structure of the SSM supported on the subspace P ρ 0 H. To this end, we need first to prove the following lemma. Lemma 2 means that among all the steady states that have the same support as ρ 0 , there is one of them belonging to the modified noise algebra A ρ 0 . To prove this, we let ρ 0 := Uρ 0 U † dU, where the Haar integral runs over all the unitary operators in A ′ ρ 0 . First, it is obvious that ρ 0 has the same support as ρ 0 . Second, ρ 0 is a steady state. This is because With the aid of Lemma 2, we may now derive the structure of the SSM supported on P ρ 0 H. According to the standard structure theorems for C*-algebras [37] , the algebra A ρ 0 and its commutant A ′ ρ 0 have the matrix representations in a proper basis,
where α labels the α-th irreducible representation of A ρ 0 with dimension d α and multiplicity n α , 1 1 n (n = n α , d α ) denotes the n × n identity matrix, and Mat n (C) (n = n α , d α ) denotes the set of n × n matrices with complex entries. Equations (1) and (2) indicate that P ρ 0 H has the decomposition [38, 39] ,
and correspondingly A ρ 0 and A
have the structures,
where H α,1 and H α,2 are the subspaces with dimensions n α and d α , respectively, and I α,1 and I α,2 are the identity operators on H α,1 and H α,2 , respectively. Note that the steady state that can induce the same SSM On the other hand, as we have proved in Lemma 2, among the steady states with the same support, there is one steady state, ρ 0 , belonging to the modified noise algebra A ρ 0 . We can determine the structure of the SSM supported on P ρ 0 H by the aid of ρ 0 , as ρ 0 and ρ 0 correspond to the same SSM. Since ρ 0 belongs to the modified noise algebra, it follows from Eq. (4) that there exist density operators ρ α,2 on H α,2 such that ρ 0 = α c α I α,1 ⊗ ρ α,2 (c α is the normalization constant). Using Eq. (5) and Theorem 1, we deduce that the SSM supported on
Hence, we arrive at the following structure theorem. Theorem 2, describing the structure of SSMs, is applicable to both Markovian and non-Markovian systems. As a special case, when it is applied to Markovian systems, it gives the same result on the structure of steady states as presented in Ref. [40] .
Theorem 2 The steady-state manifold supported on P
ρ 0 H has the structure α L(H α,1 ) ⊗ ρ α,
IV. APPROACH TO FIND STEADY-STATE MANIFOLDS
Equation (4) implies that any Hermitian operator in A ρ 0 can be generally expressed as α j µ α j I α,1 ⊗ | j α,2 j|, where µ α j are real numbers and | j α,2 are pure states on H α,2 . We use P to represent one of the Hermitian operators that are with nondegenerate spectra µ α j , i.e.,
To find the SSM on P ρ 0 H, it is essential to identify the decomposition expressed by Eq. (3), i.e., to determine the basis in which P ρ 0 H can be decomposed as α H α,1 ⊗ H α,2 . We find that the basis can be obtained by choosing a pair of operators P ∈ A ρ 0 and Q ∈ A ′ ρ 0 , defined as above. By resorting to the spectral projections of P and Q, i.e., I α,1 ⊗ | j α,2 j| and |i α,1 i| ⊗ I α,2 , respectively, we can easily obtain the basis that corresponds to the decomposition (3). In fact, the product of I α,1 ⊗ | j α,2 j| and |i α,1 i| ⊗ I α,2 gives |i α,1 i| ⊗ | j α,2 j|, from which the states |i α,1 ⊗ | j α,2 can be derived. |i α,1 ⊗ | j α,2 can be taken as the basis of the decomposition in Eq. (3). Therefore, to find a SSM based on a given steady state ρ 0 , one may first construct the modified noise algebra A ρ 0 and its commutant A ′ ρ 0 , which can be realized by giving the generators of the algebras; then pick out two spectrum-nondegenerate Hermitian operators P and Q from A ρ 0 and A ′ ρ 0 , respectively; and finally identify the basis |i α,1 ⊗ | j α,2 by resorting to the spectral projections of P and Q.
With the above analysis, we may now specify the approach to find SSM of an open system based on a given steady state ρ 0 .
The first step is to construct the generating set of A ρ 0 and that of A ′ ρ 0 . Here, a generating set of an algebra means a subset of elements from which every element of the algebra can be expressed by a linear combination of products of the generators. Obviously, the generating set of A ρ 0 , denoted by {A 1 , . . . , A m }, can be simply taken as {Ẽ k (t),Ẽ † k (t)} up to multiplicative scalars, which is just the definition of the modified noise algebra. Then, the generating set of A be Hermitian operators, and P j and Q i be their spectral projections, i.e., P = j µ j P j and Q = i ν i Q i , where µ j and ν i are the spectra corresponding to P j and Q i , respectively. Whether P and Q are with nondegenerate spectra can be examined by resorting to the generating sets of A ρ 0 and A ′ ρ 0 . In fact, Hermitian operators P and Q are with nondegenerate spectra if and only if all their spectral projections P j and Q i satisfy respectively P j A 1 P j ∝ P j , P j A 2 P j ∝ P j , . . . , P j A m P j ∝ P j , (6) and
where X ∝ Y means that X = λY with λ being a complex number [41] . Therefore, to find a pair of spectrum-nondegenerate Hermitian operators, one can first choose two Hermitian operators P ∈ A ρ 0 and Q ∈ A ′ ρ 0 , work out their spectral projections, and then check whether they match the criterion expressed by Eqs. (6) and (7). If not, one can repeat this procedure until the criterion is matched. Since the family of Hermitian operators with degenerate spectra is only a subset of measure zero and hence most of Hermitian operators in A ρ 0 and A ′ ρ 0 are with nondegenerate spectra, it is easy to pick out two desired operators P and Q.
The third step is to identify the basis of the decomposition (3) by using the spectral projections of P and Q, and to further obtain the SSM, i.e., the density operators with the structure α L(H α,1 ) ⊗ ρ α,2 . To this end, we subdivide the set of spectral projections {P j , Q i , j = 1, 2, · · · , α d α , i = 1, 2, · · · , α n α } into subsets. P j and Q i belong to the same subset if and only if Q i P j 0. It is easy to check whether some projections belong to a same set by straightforwardly multiplying each other. We renumber the spectral projections belonging to the α-th subset and denote them by P i . It is interesting to note that each subset, {P
corresponds to an irreducible representation subspace in Eq. (3), where d α and n α are respectively the total numbers of P j and Q i in the α-th subset. To obtain the basis of the α-th subspace, we only need to calculate the eigenvectors of the products Q
forms the basis of the α-th subspace, and all the eigenvectors {|i, j α } (for all α) form the basis of the decomposition expressed by Eq. (3). With this basis, we can easily find the SSM. Indeed, by expressing ρ 0 in the basis |i, j α , we can work out ρ α,2 appearing in Theorem 2, with which we can immediately write out all the steady states supported on P ρ 0 H, i.e., the density operators belonging to α L(H α,1 ) ⊗ ρ α,2 .
V. EXAMPLES
So far, we have put forward an approach to find the SSM based on a given steady state ρ 0 . When ρ 0 is the steady state with the maximum support, the SSM obtained by our approach will be the whole SSM of the system. When ρ 0 is a steady state but not the one with the maximum support, the SSM obtained by our approach is a subset of the whole SSM, i.e., the SSM supported on P ρ 0 H. It is interesting to note that ρ 0 = cI is a steady state with the maximum support for the systems under unital CPTP maps, and the SSM obtained by our approach contains all the steady states for these systems. Our approach is applicable to both Markovian and non-Markovian systems. We now give three simple examples to illustrate the usefulness of our approach. Example 1. We first apply our approach to a Markovian system. Consider the well-known model, the open system of multiple qubits experiencing collective decoherence [1] . For ease of notation, we take the 3-qubit case as an example. The dynamics of the 3-qubit system experiencing collective decoherence, in the Markovian approximation, is governed by the Lindblad equation with the following Liouvillian [21] ,
where S k = For this model, it is easy to check that the identity operator is a steady state, and therefore we can take ρ 0 = cI, which is with the maximum support. By directly following our approach, we can obtain the SSM of this system. First, we construct the generating sets of A ρ 0 and A ′ ρ 0 . The modified noise algebra A ρ 0 and its commutant A ′ ρ 0 are just equal to the noise algebra A and the commutant A ′ , respectively, due to ρ 0 = cI. The generating set of A can be taken as {S 1 , S 2 , S 3 }. By resolving linear equations
. Second, we pick out two spectrum-nondegenerate Hermitian operators P ∈ A ρ 0 and Q ∈ A ′ ρ 0 . We choose P = S
4 = |ψ 7 ψ 7 |, and the spectral projections of Q read Q
, and |ψ 7 = |111 . By substituting these spectral projections into Eqs. (6) and (7), it is easy to verify that they satisfy the criterion in Eqs. (6) and (7), and therefore P and Q are two spectrum-nondegenerate Hermitian operators.
Third, we identify the basis of the decomposition expressed as Eq. (3) by using the spectral projections of P and Q, and further obtain the SSM. By multiplying the spectral projections by each other and checking whether their products are nonzero, the set of spectral projections are subdivided into two subsets, {P
Note that the α-th subset corresponds to the α-th irreducible representation, the number of P (α) j is equal to the dimension d α , and the number of Q (α) i is equal to the multiplicity n α . It follows that there are two irreducible representations in Eq. (3), i.e., α = 1, 2, the first irreducible representation is with dimension 2 and multiplicity 2, and the second irreducible representation is with dimension 4 and multiplicity 1. Then, by computing the eigenvectors corresponding to the eigenvalue 1, we obtain that the eigenvectors of Q
3 , and Q (2) 1 P (2) 4 are |ψ 0 , |ψ 1 , |ψ 2 , |ψ 3 , |ψ 4 , |ψ 5 , |ψ 6 , and |ψ 7 , respectively. These eigenvectors form a basis for the decomposition in Eq. (3) . With this basis, we can deduce from Theorem 2 that the SSM is with the structure (Mat 2 (C) ⊗ 1 1 2 ) ⊕ 1 1 4 , implying that the steady states are the density operators with the matrix representatives belonging to (Mat 2 (C) ⊗ 1 1 2 ) ⊕ 1 1 4 in this basis.
Example 2.
We now apply our approach to a nonMarkovian system. Consider a simple error model, a 2-qubit system under the dynamical map,
where P(ρ) := f (µ)dµ ≤ 1 for any t > 0 and f (t) < 0 for some time interval [42] . Equation (9) represents non-Markovian dynamics. This can be seen by converting Eq. (9) into a non-Markovian master equation,
f (µ)dµ) and L = P − I, where I is the identity map [42] .
By taking ρ 0 = cI and following our approach, the SSM of the non-Markovian system can be obtained. 
Second, we pick out two spectrum-nondegenerate Hermitian operators P ∈ A ρ 0 and Q ∈ A ′ ρ 0 . We choose P = E 3 and Q = σ x ⊗ σ x . The spectral projections of P read P 1 = |00 00| + |11 11|, P 2 = |01 01| + |10 10|, and the spectral projections of Q read Q 1 = | + + + + | + | − − − − |, and Q 2 = | + − + − | + | − + − + |, where |± := (|0 ± |1 )/ √ 2. By substituting these spectral projections into Eqs. (6) and (7), it is easy to verify that they satisfy the criterion expressed by these equations, and therefore P and Q are two spectrumnondegenerate Hermitian operators.
Third, we identify the basis of the decomposition expressed by Eq. (3) by using the spectral projections of P and Q, and obtain the SSM. By multiplying the spectral projections by each other and checking whether their products are nonzero, we find that Q i P j 0 for all i, j = 1, 2. It means that all the spectral projections belong to one set, {P 1 , P 2 , Q 1 , Q 2 }. Note that the α-th subset corresponds to the α-th irreducible representation, the number of P (α) j is equal to the dimension d α , and the number of Q (α) i is equal to the multiplicity n α . It follows that there is only one irreducible representation in Eq. (3) with dimension 2 and multiplicity 2. Then, by computing the eigenvectors corresponding to the eigenvalue 1, we obtain that the eigenvectors of Q 1 P 1 , Q 1 P 2 , Q 2 P 1 , and Q 2 P 2 are (|00 + |11 )/ √ 2, (|10 + |10 )/ √ 2, (|00 − |11 )/ √ 2, and (|10 − |01 )/ √ 2, respectively. These eigenvectors form a basis for the induced decomposition in Eq. (3). With this basis, we can deduce from Theorem 2 that the SSM is with the structure Mat 2 (C) ⊗ 1 1 2 , implying that the steady states are the density operators with the matrix representatives belonging to Mat 2 (C) ⊗ 1 1 2 in this basis.
Example 3. We then apply our approach to an open system under a non-unital CPTP map. Consider the error model, a 3-qubit system under the CPTP map,
where 
Second, we pick out two spectrum-nondegenerate Hermitian operators P ∈ A ρ 0 and Q ∈ A ′ ρ 0 . We choose P =Ẽ 2 and Q = |0 0| ⊗ I ⊗ σ x . The spectral projections of P read P 1 = |0 0| ⊗ |0 0| ⊗ I, P 2 = |0 0| ⊗ |1 1| ⊗ I, and the spectral projections of Q read Q 1 = |0 0| ⊗ I ⊗ |+ +|, and Q 2 = |0 0| ⊗ I ⊗ |− −|. By substituting these spectral projections into Eqs. (6) and (7), it is easy to verify that they satisfy the criterion in Eqs. (6) and (7), and therefore P and Q are two spectrum-nondegenerate Hermitian operators.
Third, we identify the basis of the decomposition expressed by Eq. (3) by using the spectral projections of P and Q, and obtain the SSM supported on P ρ 0 H. By multiplying the spectral projections by each other and checking whether their products are nonzero, we find that Q i P j 0 for all i, j = 1, 2. It means that all the spectral projections belong to one set, {P 1 , P 2 , Q 1 , Q 2 }. Hence, there is only one irreducible representation in Eq. (3) with dimension 2 and multiplicity 2. Then, by computing the eigenvectors corresponding to the eigenvalue 1, we obtain that the eigenvectors of Q 1 P 1 , Q 1 P 2 , Q 2 P 1 , and Q 2 P 2 are |00+ , |01+ , |00− , and |01− , respectively. These eigenvectors form a basis for the decomposition in Eq. (3) . With this basis, we can deduce from Theorem 2 that the SSM supported on P ρ 0 H is with the structure Mat 2 (C) ⊗ 1 1 2 , implying that the steady states are the density operators with the matrix representatives belonging to Mat 2 (C) ⊗ 1 1 2 in this basis.
VI. SUMMARY AND REMARKS
In summary, we have proposed an approach for finding steady-state manifolds of open quantum systems. The proposed approach can be briefly summarized as the three steps: i) Construct the generating sets of the modified noise algebra and its commutant. ii) Pick out a pair of spectrumnondegenerate Hermitian operators from the modified noise algebra and its commutant, respectively, by resorting to the generating sets. iii) Identify the basis of the decomposition in Eq. (3) to obtain the steady-state manifold, by using the spectral projections of the pair of operators. Compared with the previous works [26] [27] [28] [29] [30] , which are for Markovian systems, our approach is applicable to general open systems, both Markovian and non-Markovian systems, and can help to determine the structure of steady-state manifolds. Three examples are presented to illustrate the applications of our approach.
It is worth noting that our approach is based on an arbitrarily given steady state ρ 0 . With the aid of one given state ρ 0 , the steady-state manifold on the support subspace of the given state can be obtained by simply following the standard steps of the approach. In particular, when ρ 0 is a steady state with the maximum support, the steady-state manifold obtained by our approach will contain all the steady states of the system. Our work reduces the problem of finding a manifold of steady states to that of finding only one steady state, which is indeed an interesting progress towards completely solving the difficult problem. For finding a steady state ρ 0 , there have been some known results. For instance, ρ 0 = cI is always a steady state for open systems under unital dynamical maps, and for open systems in which the external time-dependent fields are absent, ρ 0 may be taken as the Gibbs state. In general, one may find a steady state ρ 0 by using various methods, such as those in the previous papers [26] [27] [28] [29] [30] .
Besides, we have introduced the notions of the modified noise algebra and its commutant, and proved two theorems on the structure of steady-state manifolds of general open systems, which themselves are interesting findings too.
